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15
Given a continuous function f : I → I, where I is a closed interval (I can be 16 R), the orbit of the autonomous difference equation f 0 (x 0 ), . . . ,
(1.5) If r is the smallest positive integer for which x n+r = x n , ∀n ∈ N, then the orbit 40 in (1.5) is called periodic of minimal period r. Elaydi and Sacker [11, 12] intro-41 duced the notion of geometric cycle to distinguish the periodic orbit in (1.5) 42 from the autonomous periodic orbit that results from a skew product semi-43 dynamical system associated with (1.5). Here, we adopt the same notation 44 and call it a geometric r-cycle (or r-cycle for short). integers to what they call "p-Sharkovsky's ordering" cycles, this notion can be extracted from [1] . Write the orbit of this geometric 113 cycle in matrix form as follows:
where l = lcm(r, p) denotes the least common multiple between r and p, 115 and the x-indices are carried modulo r. Obviously, if we continue the or-116 bit, then the same pattern repeats. Define the operation on the set G :=
group isomorphic to (Z r , +). Here we must alert the reader to the fact that 119 the set G is an ordered set, for instance,
Following this discussion and using Lagrange's theorem, the next 124 proposition is straightforward.
125
Proposition 2.2 Consider the p-periodic sequence in (1.4) and let d = gcd(r, p).
126
Each of the following statements holds true:
elements of a geometric r-cycle must be distinct. 
3 Periodic iterations of polynomials
136
We motivate our discussion in this section by the simple logistic equation x n+1 = µ n mod p x n (1 − x n ) (3.1) and it is known [2] that the cascade of periods is given by 
intersect on at least M + 1 points (see the orbit in (2.1)). Thus 
. However, the 6-periodic equation 
164
The next two corollaries are consequences of this lemma. if p is odd.
From this inequality and the inequality in Lemma (3.1), the result is obtained.
concrete examples. Consider the functions f j , 0 ≤ j ≤ p − 1 to be quadratic,
176
and cubic polynomials. We list the possibilities of r and Γ for different values 177 of p in Table 1 and Table 2 . Here, we must stress that we are neglecting the 178 possibility of having more than one geometric cycle of the same period.
179 Table 1 The possible structure of Γ when the elements of the p-periodic sequence in (1.4) are quadratic polynomials 
where K is the carrying capacity and µ is the inherent growth rate. In a 184 periodically fluctuating habitat, the Beverton-Holt model takes the form 185 Table 2 The possible structure of Γ when the elements of the p-periodic sequence in (1.4) are cubic polynomials 
It is well-known that Eq. (4.1) has a globally asymptotic stable cycle [9-12],
186
and thus, it is the unique cycle. We can write Eq. (4.1) as Now, we are ready to reinforce our discussion with a solid theory. Consider As in the previous section, the next corollary is straightforward. 
We show the elegance of Theorem 4.1 and Remark 4.3 in the next section. 
Ricatti Equation
223
The autonomous Riccati equation is given by x n+1 = α+βx n A+Bx n [29] . Now, con-224 sider the p-periodic Riccati equation
It is straightforward to say that the p-periodic Ricatti equation cannot have 226 r-cycles if r > 2gcd(r, p). However, by using the substitution 227
x n = β n + a n b n y n − a n b n , the above equation reduces to
Since the denominator is in common between all the functions f j , then we 
Hassell's Model
233
Consider the single-species population model given by
where λ is the finite rate of increase and a, b are constants defining the density 235 dependent feedback term [21, 22] . Forcing λ to be periodic does not help the Γ-236 set to become inhabited, so we force λ and a to be periodic of common period 
to model a prey species (in the absence of predators) that is born in one 250 summer, survives the winter to breed in the next summer and then dies. 
Bobwhite Quail Model
to describe the growth of the bobwhite quail population in Wisconsin. This period p, i.e., β n+p = β n , then we obtain let us allow α to be periodic so that β and α have a common period p > 1, We close this section with the following remark. x n+1 = P n (x n ) is finite, while the Γ-set of x n+1 = f n (x n ) could be infinite. 
